Within the two-leg t-J ladder, the spin dynamics of the pressure-induced two-leg ladder cuprate superconductor Sr14−xCaxCu24O41 is studied based on the kinetic energy driven superconducting mechanism. It is shown that in the pressure-induced superconducting state, the incommensurate spin correlation appears in the underpressure regime, while the commensurate spin fluctuation emerges in the optimal pressure and overpressure regimes. In particular, the spin-lattice relaxation time is dominated by a temperature linear dependence term at low temperature followed by a peak developed below the superconducting transition temperature, in qualitative agreement with the experimental observation on Sr14−xCaxCu24O41.
The doped two-leg ladder cuprate Sr 14−x Ca x Cu 24 O 41 is a system in which a superconducting (SC) state is realized by applying a high pressure of 3 ∼ 8GPa in the highly charge carrier doped region 1 . This pressureinduced superconductor possesses a complex structure consisting of the Cu 2 O 3 two-leg ladder and CuO 2 chain 2,3 , then charge carriers are transferred from CuO 2 chain unit by substituting Ca for Sr. At the half-filling, the ground state is a spin liquid state with a finite spin gap 4 and this gapped spin liquid state persists even in the highly charge carrier doped region 5 . Moreover, the structure of Sr 14−x Ca x Cu 24 O 41 under high pressure remains the same as the case in ambient pressure 6 , and then the spin background in the SC phase does not drastically alter its spin gap properties 7 . Experimentally, by virtue of systematic studies using the nuclear magnetic resonance (NMR) and nuclear quadrupole resonance (NQR), the dynamical spin response of Sr 14−x Ca x Cu 24 O 41 has been well established now [8] [9] [10] . In the pressure-induced SC state, the pressure promotes the existence of lowlying spin excitations giving rise to a residual spin susceptibility at low temperature 9 . Furthermore, the spinlattice relaxation time is dominated by a temperature linear dependence term at low temperature followed by a peak developed below the SC transition temperature 8 . In this case, the interplay between the magnetic excitation and superconductivity in two-leg ladder cuprate superconductors is of central concern as is the case with the planar cuprate superconductors 11 .
In our earlier work 12 using the charge-spin separation (CSS) fermion-spin theory 13, 14 , the dynamical spin response of Sr 14−x Ca x Cu 24 O 41 in the normal state has been studied, where our calculations clearly demonstrate a crossover from the incommensurate antiferromagnetism in the weak interchain coupling regime to commensurate spin fluctuation in the strong interchain coupling regime. In particular, the nuclear spin-lattice relaxation time decreases exponentially with decreasing temperatures 5, 15 . Furthermore, within the kinetic energy driven SC mechanism 16 , we have discussed the pressureinduced superconductivity 17 in Sr 14−x Ca x Cu 24 O 41 , and the result of the pressure dependence of the SC transition temperature is in good agreement with the corresponding experimental data of Sr 14−x Ca x Cu 24 O 41 6 . However, in the pressure-induced SC state, a microscopic study of the dynamical spin response of Sr 14−x Ca x Cu 24 O 41 has not been performed theoretically thus far although the dynamical spin response has been measured experimentally. In this paper, we study the spin dynamics of Sr 14−x Ca x Cu 24 O 41 in the pressure-induced SC state within the kinetic energy driven SC mechanism, where we calculate the dynamical spin structure factor, and then reproduce qualitatively some main features of the corresponding temperature dependence of the spin-lattice relaxation time in Sr 14−x Ca x Cu 24 O 41 .
The basic element of the two-leg ladder cuprates is the two-leg ladder, which is defined as two parallel chains of ions, while the coupling between the two chains that participates in this structure is through rungs 2, 3 . It has been shown 7 from the experiments that the ratio of the interladder resistivity to in-ladder resistivity is R = ρ a (T )/ρ c (T ) ∼ 10, this large magnitude of the resistivity anisotropy reflects that the interladder mean free path is shorter than the interladder distance, and the charge carriers are tightly confined to the ladders, therefore the common two-leg ladders in the doped two-leg ladder cuprates clearly dominate the most physical properties. In this case, it has been argued that the essential physics of the doped two-leg ladder cuprates can be de-scribed by the t-J ladder as 18 ,
supplemented by the local constraint σ C † iaσ C iaσ ≤ 1 to remove double occupancy, whereη = ±x, i runs over all rungs, σ(=↑, ↓) and a(= 1, 2) are spin and leg indices, respectively, C † iaσ (C iaσ ) are the electron creation (annihilation) operators, S ia = (S x ia , S y ia , S z ia ) are the spin operators, and µ is the chemical potential. This local constraint can be treated properly in analytical calculations within the CSS fermion-spin theory 13, 14 ,
, where the spinful fermion operator h iaσ = e −iΦiσ h ia describes the charge degree of freedom together with some effects of the spin configuration rearrangements due to the presence of the doped charge carrier itself, while the spin operator S ia describes the spin degree of freedom, then the electron local constraint for the single occupancy,
is satisfied in analytical calculations. Although in common sense h iaσ is not a real spinful fermion operator, it behaves like a spinful fermion. This is followed from a fact that the spinless fermion h ia and spin operators S + ia and S − ia obey the anticommutation relation and Pauli spin algebra, respectively, it is then easy to show that the spinful fermion h iaσ also obey the same anticommutation relation as the spinless fermion h ia . In particular, it has been shown that under the decoupling scheme, this CSS fermion-spin representation is a natural representation of the constrained electron defined in the restricted Hilbert space without double electron occupancy 14 . Moreover, these charge carrier and spin are gauge invariant 13, 14 , and in this sense, they are real and can be interpreted as the physical excitations 19 . In this CSS fermion-spin representation, the low-energy behavior of the t-J ladder Hamiltonian (1) can be expressed as,
where 20 that this defect can be cured by introducing a projection operator P i , i.e., the electron operator C iaσ with the single occupancy local constraint can be mapped exactly using the CSS fermion-spin transformation defined with an additional projection operator P i . However, this projection operator is cumbersome to handle in the many cases, and it has been dropped in the actual calculations [12] [13] [14] 16, 17 . It has been shown 13, 14, 20, 21 that such treatment leads to errors of the order p in counting the number of spin states, which is negligible for small dopings. Moreover, the electron single occupancy local constraint still is exactly obeyed even in the mean-field (MF) approximation. These are why the theoretical results 12,17 obtained from the t-J ladder model (2) based on the CSS fermion-spin theory are in qualitative agreement with the experimental observation on the doped two-leg ladder cuprates.
It has been shown from the experiments 1,6,22 that the pressure-induced SC state in the doped two-leg ladder cuprate Sr 14−x Ca x Cu 24 O 41 is also characterized by the electron Cooper pairs as in the conventional superconductors 23 , forming SC quasiparticles. However, because there are two coupled t-J chains in the pressure-induced two-leg ladder cuprate superconductors, the energy spectrum has two branches, and therefore the one-particle spin Green's function, the charge carrier normal and anomalous Green's functions are matrices, and can be expressed as,
, respectively, where the corresponding longitudinal and transverse parts are defined as
, with a = a. In this case, the order parameters for the electron Cooper pair also is a matrix ∆ = ∆ L +σ x ∆ T , with the longitudinal and transverse SC order parameters are defined as,
respectively, where the spin correlation functions χ = S
, and the longitudinal and transverse charge carrier pairing order parameters are expressed as ∆ hL = h ja↓ h ia↑ − h ja↑ h ia↓ and ∆ hT = h i2↓ h i1↑ − h i2↑ h i1↓ , respectively. At ambient pressure, the exchange coupling J along the legs is greater than exchange coupling J ⊥ across a rung, i.e., J > J ⊥ , and similarly the hopping t along the legs is greater than the rung hopping strength t ⊥ , i.e., t > t ⊥ . In this case, the doped two-leg ladder cuprate Sr 14−x Ca x Cu 24 O 41 is highly anisotropic material 4, 7, 15 . However, pressure for realizing superconductivity in doped two-leg ladder cuprates plays a role of stabilizing the metallic state and suppressing anisotropy within the ladders. This is followed an experimental fact 1, 6, 8, 22, 24, 25 that the distance between ladders and chains is reduced with increasing pressure, and then the coupling between ladders and chains is enhanced. This leads to that the values of J ⊥ /J and t ⊥ /t increase with increasing pressure. In other words, the pressurization induces anisotropy shrinkage on doped two-leg ladder cuprates, and then there is a tendency toward the isotropy for doped two-leg ladders 1, 6, 8, 22, 24, 25 . These experimental results explicitly imply that the values of J ⊥ /J and t ⊥ /t of doped two-leg ladder cuprates are closely related to the pressurization, and therefore the pressure effects can be imitated by a variation of the values of J ⊥ /J and t ⊥ /t . On the other hand, as we have mentioned above, the structure of Sr 14−x Ca x Cu 24 O 41 by applying a high pressure of 3 ∼ 8GPa remains the same as the case in ambient pressure 6 , and then the spin background in the SC phase does not drastically alter its spin gap properties 7 . In this case, the pressure-induced superconductivity in Sr 14−x Ca x Cu 24 O 41 has been discussed 17 within the kinetic energy driven SC mechanism 16 , and a dome-shaped SC transition temperature T c versus pressure curve is obtained, where the variation of (t ⊥ /t ) 2 under the pressure is chosen the same as that of J ⊥ /J , i.e., (t ⊥ /t ) 2 = J ⊥ /J . For the convenience in the following discussions, this result of the dome-shaped SC transition temperature T c versus pressure is replotted in Fig. 1 in comparison with the corresponding experimental result 6 of Sr 14−x Ca x Cu 24 O 41 (inset), where the maximal SC transition temperature occurs around the optimal pressure (t ⊥ /t ≈ 0.7), then decreases in both underpressure ( t ⊥ /t < 0.7) and overpressure (t ⊥ /t > 0.7) regimes, and is in good agreement with the corresponding experimental data of Sr 14−x Ca x Cu 24 O 41 6 .
Following our previous discussions 17, 26 , the longitudinal and transverse parts of the charge carrier normal and anomalous Green functions of the pressure-induced twoleg ladder cuprate superconductors can be obtained as,
where
with the charge carrier longitudinal and transverse quasiparticle coherent weights Z F 1 and Z F 2 , respectively, the charge carrier quasiparticle coherence factors U 
ν+1 , the renormalized charge carrier pair gap function∆ 
where MF spin excitation spectra, ω and longitudinal and transverse charge carrier pair gap parameters∆ hL and∆ hT are determined by the selfconsistent calculation 17, 26 .
In the CSS fermion-spin theory 13, 14 , the AF fluctuation is dominated by the scattering of the spins. In the normal state, the spins move in the charge carrier background, therefore the spin self-energy (then full spin Green's function) in the normal state has been obtained in terms of the collective mode in the charge carrier particle-hole channel 12 . With the help of this full spin Green's function in the normal state, the dynamical spin response of Sr 14−x Ca x Cu 24 O 41 in the normal state has been discussed 12 , and the results are consistent with the corresponding experimental results 5, 15 . However, in the present pressure-induced SC state, the spins move in the charge carrier pairing background. On the other hand, we 27 have discussed the optical and transport properties of the doped two-leg ladder cuprates in the underdoped and optimally doped regimes by considering the fluctuations around the MF solution, where the dominant dynamical effect is due to the strong interaction between the charge carriers and spins in the t-J ladder Hamiltonian (2). We believe that this strong interaction between the charge carriers and spins also will dominate the spin dynamics within the same doping regimes. In this case, we can calculate the spin self-energy (then the full spin Green's function) in terms of the collective modes in the charge carrier particle-hole and particleparticle channels. Following our previous discussions for the normal-state case 12 , the full spin Green's function in the present pressure-induced SC state can be obtained as,
then the dynamical spin structure factor of the pressureinduced two-leg ladder cuprate superconductors can be obtained explicitly in terms of full spin Green's function (6) as,
where T (k, ω)] are the corresponding imaginary (real) parts of the spin longitudinal and transverse self-energy, respectively, and this spin self-energy
T (k, ω) with the longitudinal and transverse parts can be evaluated in terms of the charge carrier normal and anomalous Green functions in Eq. (4) and MF spin Green's function
where the kernel function,
with C µν (k) = [2t cosk + (−1) µ+ν t ⊥ ] 2 , and
where n F (ω) is the fermion distribution function.
We are now ready to discuss the dynamical spin response of Sr 14−x Ca x Cu 24 O 41 in the pressure-induced SC state. The dynamical spin structure factor S(k, ω) in the (k, ω) plane at the doping concentration p = 0.20 with temperature T = 0 for parameters t /J = 2.5 and (a) t ⊥ /t = 0.4 (underpressure) and (b) t ⊥ /t = 0.8 (overpressure) is plotted in Fig. 2 (hereafter we use the unit of [2π]). Obviously, the mostly remarkable feature is the presence of an incommensurate-commensurate transition in the spin fluctuation geometry, where the magnetic excitation disperses with interchain coupling (then pressure). In particular, the incommensurate spin correlation in the pressure-induced SC state appears in the underpressure regime, while the commensurate spin fluctuation emerges in the overpressure regime. To check this point explicitly, we plot the evolution of the magnetic scattering peaks at p = 0.20 in T = 0 for t /J = 2.5 with interchain coupling (then pressure) for ω = 0.4J in Fig.  3 , where there is a critical value (then critical pressure) of t ⊥ /t ≈ 0.72 = P c , which separates the pressure region into the underpressure (t ⊥ /t < 0.72) and overpressure (t ⊥ /t > 0.72) regimes, while t ⊥ /t ≈ 0.72 is corresponding to the optimal pressure. In the underpressure regime t ⊥ /t < 0.72, the magnetic scattering peak is split into two peaks at [1/2 ± δ] with δ as the incommensurate parameter, and is symmetric around [1/2] . In this case, spins are more likely to move along the legs of the ladders, rendering the materials quasi-one-dimension. However, the range of the incommensurate spin correlation decreases with increasing the strength of the interchain coupling (then pressure), and then a broad commensurate scattering peak appears in the optimal pressure and overpressure regimes t ⊥ /t ≥ 0.72. In particular, the magnetic resonance energy is located among this broad commensurate scattering range. For determining this commensurate magnetic resonance energy in the optimal pressure, we have made a series of calculations for the intensities of the dynamical spin structure factor S(k, ω) at p = 0.20 with T = 0 for t /J = 2.5 and t ⊥ /t = 0.72, and the result of the intensities of S(k, ω) as a function of energy is plotted in Fig. 4 , where a commensurate resonance peak centered at ω r = 0.45J is obtained. In the dynamical spin response of the pressure-induced two-leg ladder cuprate superconductors, one of the characteristic features is the spin-lattice relaxation time T 1 , which is closely related to the dynamical spin structure factor (7), and can be expressed as,
where g is the lande-factor, µ B is the Bohr magneton, and F α (k) is the form factors, while the dynamical spin susceptibility χ (k, ω) = (1 − e −βω )S(k, ω). Although the form factors F α (k) have dimension of energy, and the magnitude determined by atomic physics, and the momentum dependence determined by geometry, however, for the convenience, this form factors F α (k) can be set to constant without loss of generality 12 . In Fig. 5 , we plot the spin-lattice relaxation time 1/T 1 as a function of temperature in both logarithmic scales at p = 0.20 for t /J = 2. shows a linear temperature dependent behavior at low temperatures (T > T c ) followed passes through a minimum and displays a tendency towards an increase with decreasing temperatures. In particular, it is dominated by a peak developed below the SC transition temperature T c . Furthermore, this clear peak in T in the normal state arises from paramagnetic free electrons 8 . However, in the present twoleg ladder cuprate superconductors, the interaction between charge carriers and spins from the kinetic energy term in the t-J ladder (2) induces the charge carrierspin bound state in the normal state 12 . At low temperatures (T > T c ), although the most of spins in the system form the spin liquid state, the spin in the charge carrier-spin bound state moves almost freely and therefore contributes to the temperature-linear component in T (7), since both MF spin excitation spectrum ω 1k and spin selfenergy function Σ (1) s (k, ω) are strong interchain coupling (then pressure) dependent, this leads to that the renormalized spin excitation spectrum Ω k also is strong pressure dependent. Furthermore, the dynamical spin structure factor in Eq. (7) has a well-defined resonance character, where S(k, ω) exhibits peaks when the incoming neutron energy ω is equal to the renormalized spin excitation, i.e.,
in the underpressure regime and k c = k
in the optimal pressure and overpressure regimes, then the weight of these peaks is dominated by the inverse of the imaginary part of the spin self-energy 1/ImΣ (s) (k mal pressure and overpressure regimes, respectively. In particular, for the present spin self-energy ReΣ T (k, ω). In the underpressure regime, the main contribution for ReΣ (1) s (k, ω) may come from ReΣ (s) L (k, ω), and spins and charge carriers are more likely to move along the legs, then the incommensurate spin correlation emerges, where the essential physics is almost the same as in the two-dimensional t-J model 28 . Within the CSS fermion-spin framework, as a result of self-consistent motion of charge carriers and spins, the incommensurate spin correlation is developed, which means that in the underpressure regime, the spin excitations drift away from the AF wave vector, where the physics is dominated by the spin self-energy ReΣ L (k, ω) renormalization due to charge carriers. However, the quantum interference effect between the chains manifests itself by the interchain coupling (then pressure), i.e., this quantum interference increases with increasing pressure. Thus in the optimal pressure and overpressure regimes, ReΣ In summary, we have shown very clearly in this paper that if the pressure effect is imitated by a variation of the interchain coupling in the framework of the kinetic energy driven SC mechanism, the dynamical spin structure factor of the t-J ladder model calculated in terms of the collective modes in the charge carrier particle-hole and particle-particle channels per se can correctly reproduce some main features found in the NMR and NQR measurements on Sr 14−x Ca x Cu 24 O 41 in the pressure-induced SC state, including the temperature dependence of the spin-lattice relaxation time, without using adjustable parameters. The theory also predicts that in the underpressure regime, the incommensurate spin correlation appears, while the commensurate spin fluctuation emerges in the optimal pressure and overpressure regimes, which should be verified by further experiments.
